ABSTRACT X-ray reverberation in AGN, believed to be the result of the reprocessing of corona photons by the underlying accretion disk, has allowed us to probe the properties of the inner-most regions of the accretion flow and the central black hole. This process is modeled via raytracing in the Kerr metric, with the disk thickness almost ubiquitously assumed to be negligible (razor-thin) and the corona commonly approximated as a point source located along the polar axis (a lamppost). In this work, we use the new raytracing suite, Fenrir, to explore the effect that accretion disk geometry has on reverberation signatures, assuming a lamppost configuration but allowing for a finite disk scale height. We characterize the signatures of finite disk thickness in the reverberation transferfunction and calculate how they might manifest in observed lag-frequency spectra. We also show that a disk-hugging corona (approximated by off-axis point-like flares) exhibits characteristics that are qualitatively different from observation, thus providing further evidence for a flaring corona that is separated from the underlying disk material.
INTRODUCTION
The study of X-ray variability in active galactic nuclei (AGN) probes the structure of and the physical processes that occur in the inner-most regions of the accretion flow. Reverberation is one such phenomenon seen in Seyfert galaxies, where the bands associated with the reflection spectrum will lag behind those dominated by the high-energy power law. The power-law is believed to be produced when a corona containing hot electrons (∼ 100 keV) upscatters the thermal UV photons from the accretion disk (∼ 10 keV) into the X-ray regime. While many of these photons will escape the system and produce the observed continuum, others will be reprocessed by the disk, creating the reflection spectrum and resulting in a natural path difference between direct and reprocessed photons (Fabian et al. 1989; Uttley et al. 2014) . The associated lag allows one to probe the properties of the corona and the underlying disk, with most of the X-rays coming from a very compact region < 10 r g from the central black hole . Fabian et al. (1989) first proposed reflection as a possible explanation to the broad emission line observed in the stellar mass black hole binary (BHB) Cyg X-1 by Barr et al. (1985) , arguing that the feature was consistent with that of fluorescent Fe Kα due to reprocessing of continuum radiation, the line broadened and skewed due to Doppler and relativistic effects (Cunningham 1975) . Fabian et al. (1989) noted that the reflection process would naturally produce a lag between the continuum and the reprocessed radiation, and that the wings of profile would respond prior to the centroid. The first confirmed detection of reverberation lag was in the AGN 1H 0707-495, with the soft excess at 0.3 -1.0 keV lagging behind the 1-4 keV band by ∼ 30 s at > 6 × 10 −4 Hz, consistent with a compact continuum source within a few gravitational radii of the event horizon (Fabian et al. 2009 ). Similar lags were later observed in the broad Fe Kα (Zoghbi et al. 2012 ) and the Compton hump , and have now been shown to be fairly common phenomena in Seyfert galaxies (Kara et al. 2016 and references therein) .
While reverberation is the leading hypothesis for high frequency X-ray variability in AGN, at lower Fourier frequencies (e.g ν < 2 × 10 −4 Hz in ARK 564, Kara et al. 2016 ) the relationship changes, with continuum dominated bands lagging behind those associated with the reflection spectrum, the lag magnitude increasing with photon energy. This low-explain the cross spectrum formalism upon which our analysis is based. In Section 3, we present the results for the lamppost approximation, followed by an exploration of the "disk-hugging" corona. In Section 4, we discuss possible consequences that disk thickness may have on the estimation of model parameters, and in Section 5 we give a brief summary of our results and possible future work.
METHODS
Fenrir (Taylor & Reynolds 2018) calculates the reverberation properties of AGN and BHB by integrating nullgeodesics through Kerr spacetime (Kerr 1963; Bardeen et al. 1972 ) that is described by Boyer-Lindquist coordinates (Boyer & Lindquist 1967) , tracing their trajectories from an X-ray emitting corona to the disk and from the disk to an observer positioned at a radial distance of r = 10 3 r g at some angle θ = i measured from the black hole rotational axis. For the rest of this work, unless specified otherwise, we use units of r g ≡ GM/c 2 (gravitational radius) and c (the speed of light). In standard cgs units, r g ∼ 1.5M 6 × 10 11 cm ∼ M 6 × 10 −2 AU and r g /c ∼ 5M 6 s, where M 6 is the mass of the compact object in units of 10 6 M . Accretion disk thickness is incorporated by using the disk surface as a stopping condition. In this work, for a black hole of spin a ≡ Jc/GM 2 (where J is the angular momentum), we have assumed the disk to be an optically thick, geometrically thin, and radiation-pressure dominated (Shakura & Sunyaev 1973) , the reflecting surface defined by a half-thickness z(ρ) equal to twice the pressure scale height,
where ρ ≡ r sin θ is defined to be the cylindrical radius, r ISCO is the radius of the innermost stable circular orbit, anḋ M /Ṁ Edd is the Eddington accretion ratio. Allowing E(r ISCO ) to denote the total specific energy of a massive particle in a circular orbit in the mid-plane at r ISCO , then η = 1 -E(r ISCO ) is the radiative efficiency (Bardeen et al. 1972 ). The disk is assumed to rotating as a series of co-centric solid cylinders: an element situated at the disk surface at some ρ orbits the central compact object with the same 3-velocity as the matter in the midplane (θ = π/2), which is assumed to be in prograde Keplerian orbits with coordinate angular velocity Ω K = (ρ 3 2 + a) −1 (Cunningham 1975 ). The components of the disk element four-velocity are then constructed from this coordinate angular velocity (U t /U φ = Ω K ) and Lorentz invariance (i.e. U ν U ν = -1). Figure 1 (expanded from Figure 1 in Taylor & Reynolds 2018 ) presents the cases of a Schwarzschild (a = 0.00, left) and rapidly-spinning (a = 0.998, right) black hole, each with various disk models: a razor-thin disk (black) and finite-thickness disk corresponding to the mass accretion rates ofṀ = 0.1 (green), 0.2 (red), and 0.3 (blue)Ṁ Edd . Each panel illustrate three lamppost coronae (see below) at heights of h = 3, 6, and 12 r g along the black hole's polar axis. While more complex geometries are able to be implemented within the Fenrir framework, we have chosen this simple form as an illustrative case, a more complete exploration being beyond the scope of this work.
Generalizing the methodology outlined in Wilkins & Fabian (2012) , the corona is approximated by an isotropic point source that flashes instantaneously, orbiting the black hole with velocity four-vector U = (U t , 0, 0, U φ ), the components of which are determined by the specific coronal model chosen. We calculate the conserved photon quantities for the first integration by constructing an orthonormal tetrad {e (t) , e (r) , e (θ) , e (φ) } of a frame that is instantaneously at rest with the corona,
where η (α)(β) is the Minkowski metric tensor. From this, the photon energy (E), φ angular momentum (l), and Carter constant (Q) in Boyer-Lindquist coordinates can be found (see the appendix of Wilkins & Fabian 2012) . If p (α) is the photon momentum one-form in the instantaneous rest frame and E is the photon energy, then
is the momentum one-form in the Boyer-Lindquist coordinates and
For the case of a corona in a locally non-rotating frame (LNRF, Bardeen et al. 1972 ), these equations reduce to those quoted in Reynolds et al. (1999) and Karas et al. (1992) . For a lamppost, one situates the corona in a LNRF along the polar axis (θ = 0) and some height r = h. The off-axis case is orbiting at the velocity of the disk (U φ /U t = dφ/dt = Ω K ) at a cylindrical radius (ρ c ), located at a height h d above the surface of the disk, and instantaneously at some azimuthal angle φ c . ) of non-spinning (a = 0.00, left) and rapidly-spinning (a = 0.998, right) black holes, each with examples of a razor-thin disk (black) and finite-thickness disks with a half-thickness given by Equation 1 and a mass accretion rate ofṀ = 0.1 (green), 0.2 (red), and 0.3 (blue). Also included are three example lamppost coronae with corresponding heights of h = 3, 6, and 12 rg. In general, for a given spin, increasingṀ increases the thickness of the disk, while for a given accretion rate, increasing a will decrease disk thickness. As one can see, for coronae that are close to the event horizon, the disk thickness can be of a similar scale to that of the h, and thus may not be negligible when modeling X-ray reverberation in AGN.
Defining the moment at which the direct coronal flare is seen by the observer as t = 0, one can describe the observed light curve of a single flash event with its subsequent reflection as,
where F C and F R is the observed photon flux from the corona and reflection respectively. F R (E, t) is described by a 2D transfer function Ψ(E, t), which gives the observed response from the disk as a function of energy and time (Reynolds et al. 1999) and is calculated from the output of Fenrir. If one approximates the corona flash as a δ-function in time with an associated continuum power-law ∝ E −Γ where Γ is the photon number index, then the normalized coronal component F C (E, t) can be written as,
where F R,tot and F C,tot are the un-normalized time-and-energy integrated reflection and coronal photon fluxes, and R is the average reflection fraction. We have chosen an energy range equal to that of XMM-Newton (0.1-10 keV) for calculating F R,tot and F C,tot . It must be noted that, while in truth AGN variability is much more complex than a single δ-function flash followed by delayed response from the disk, F (E, t) can be described a sum of such events if there is a linear correspondence between the reflected and coronal fluxes, as would be the case from a pure reflection scenario absent of further complexities. Taking the Fourier transform of F (E, t),F (E, ν), one can construct the cross spectrum [C(E, ν)] with respect to some corona-dominated reference energy E 0 ,
whereF * is the complex conjugate ofF and ∆t is the time lag between E and E 0 as a function of Fourier frequency ν. From Equations 4 and 5, one finds,
Note here that arg[C(E, ν)] is only dependent on the ratio of the magnitude of the separate components rather than their absolute magnitudes. For this work, we have assumed an reflection fraction of R = 1, which was chosen as a fiducial value that is consistent within an order of magnitude with much of the literature (e.g. 1H 0707-495, Wilkins et al. 2016 ). While it is true that R is physically meaningful and much recent work has been dedicated to it (e.g. Dauser et al. 2014) , it is not the primary focus of this study. From ∆t(E, ν), one derives the lag-frequency spectrum [∆t(ν)] by integrating ∆t(E, t) over a large energy band of interest, while the lag-energy spectrum [∆t(E)] is calculated by taking the average lag across a specified frequency range for a series of energy bins (Uttley et al. 2014) . While these quantities are commonly used in analyzing reverberation signatures, it must be emphasized that the lag-frequency and lag-energy spectra are only cross sections of the complete set of information carried by a given signal, and thus treating them in isolation is inherently limiting. A full cross-spectrum analysis would be ideal, but such work is still in its infancy (Chainakun & Young 2015; Bachetti & Huppenkothen 2018; Mastroserio et al. 2018) and is beyond the scope of this work. Figure 2 (upper left) gives an example transfer function [Ψ(E, ∆t)] produced from Fenrir for the case of a rapidly spinning black hole (a = 0.99) with a neutral razor-thin accretion disk [E rest (F eKα) = 6.4 keV] that is being irradiated by a lamppost corona at h = 12 r g . Approximately ∼ 24r g /c after the direct coronal X-rays react the observer (designated to be t = 0), the observer receives the initial reflected light followed by photons from two divergent wings, one corresponding to some spread around the rest frame energy (a "blue wing") and one corresponding to increasingly lower energies (a "red wing"). The phenomenology of these features is explored in Reynolds et al. (1999) : the initial lag and the blue wing can be thought of as due to the natural difference in the light travel time between the direct coronal radiation and the reflected light, with larger lags representative of photons being reprocessed by material at ever greater radii.The red wing however is a consequence of relativistic nature of the problem, with strong gravity resulting in radiation being reprocessed from the inner regions of the disk to be redshifted and time delayed (Shapiro delay, Shapiro 1964) . This, along with the extra time it takes for photons to reach the inner disk as they spiral around a spinning black hole from frame dragging, results in the emitting region appearing to be an inward-moving, ever-reddening annulus in the rest frame of the observer. One can see this relationship between photon arrival time and energy in the upper-right panel, where one sees that, consistent with the transfer function, the greatest lags being at low (the red wing) and high (the blue wing) energies. Figure 2 also the presents lag-frequency spectrum for the same system (lower left), where we have chosen to use the common convention that a negative lag represents the case of the energy of interest (E) lagging behind the reference energy E 0 , or vice versa. The solid line represents the reflection-only spectrum while the dashed line is the complete spectrum, with the low-frequency hard lag modeled as a power-law. As one can see, at frequencies of ∼ 8 × 10 −3 c/r g , E lags E 0 , consistent with the reverberation paradigm (high-frequency soft lags), while at lower frequencies, E 0 lags E (low-frequency hard lags). The positive spike at approximately 2 × 10 −2 c/r g followed by the oscillation of the spectrum about ∆t = 0 is due to phase wrapping (Uttley et al. 2014 ). The corresponding lag-energy spectra is presenting in the lower right panel, having been averaged over the frequency ranges ∆ν = 1 − 3 × 10
g . (grey dashed). The lag-energy spectrum changes with frequency, with the high energy peak of the profile being suppressed at high frequencies. This is a direct result of lag being the result of light travel time: the observed photons that are close to the rest energy come from annuli at large radii, and thus further away from the irradiating corona than the material emitting photons at greater redshifts. Note that the difference between the upper and lower right panels are naturally explained by dilution, where the flux from the corona at ∆t = 0 has resulted in the decrease in the lag-signal, the magnitude of this suppression naturally being greater at lower energies due to the slope of the coronal continuum.
RESULTS
Using the methods described in Section 2, we calculated the transfer functions, lag-frequency, and lag-energy spectra using two separate coronal models: lamppost and a "disk-hugging" corona (approximated as both a single off-axis flash and as an annulus). The disk thickness, given by Equation 1, has been chosen to correspond to a mass accretion rateṀ ∈ {0.1Ṁ Edd , 0.2Ṁ Edd , 0.3Ṁ Edd }. We have also performed these same calculations for a razor-thin disk for comparison. (Top left) Example transfer function Ψ(E, ∆t) for the case of a rapidly spinning black hole (a = 0.99) with a lamppost corona at h = 12 rg and a razor-thin accretion disk, observed at an angle i = 15
The On-Axis Lamppost Corona
• away from the polar axis, along with the associated average arrival time as a function of energy (top right) absent the Fourier formalism and dilution. We have assumed that the disk is neutral, with a Fe Kα fluorescence line with a rest energy of 6.4 keV. (Bottom left) The lag-frequency spectra and lag-energy spectra (bottom right) associated with the case above. In the left panel, we have included the lag-frequency spectrum that includes the low-frequency hard lag (dashed) and one where it is omitted (solid), where we have modeled the hard lag as a power-law. The lag-energy spectra have been created by averaging the time-dependent lag over the frequency ranges ∆ν = 1 − 3 × 10 −3 cr −1 g (solid) and 5 − 8 × 10
, where the differences are due to the outer disk responding at lower frequencies due to the travel time.
For the lamppost corona, each case has a corresponding coronal height (h) along the polar axis, along with a black hole spin (a), an inclination angle (i) relative to the polar axis, and a mass accretion rate (Ṁ ). We chose the values for these parameters explored previously in Taylor & Reynolds (2018) , where a ∈ {0.00, 0.90, 0.99}, h ∈ {3 r g , 6 r g , 12 r g }, i ∈ {15
• , 30
As explained in our previous work, these values were chosen to be a broad (albeit coarse) sampling of parameter space that would be of interest in the study of Seyfert 1 galaxies (Reynolds 2014) .
Figures 3, 4, and 5 give three pairs of transfer functions as examples of the three most prominent effects disk thickness has on these functions, each pair presenting the control case of a razor-thin accretion disk (left) and the case of a finite-thickness disk (right) withṀ = 0.3Ṁ Edd . Figure 3 illustrates how a non-zero vertical scale height can truncate the transfer function when h is small, the late-time "blue wing" being entirely absent. This is naturally explained by disk self-shielding, where the convex inner edge of the disk blocks the outer radii from being irradiated by the X-ray corona, thus preventing substantial reprocessing at these radii and resulting in a very steep negative radial gradient; for a visual example of this, see Figures 3 & 5 of Taylor & Reynolds (2018) .
Another effect observed in our exploration is presented in Figure 4 , where we present the transfer functions from a Schwarzschild black hole with a corona close to the event horizon (h = 3 r g ), observed at a steep angle (i = 60
• ). Like the previous case, disk thickness has resulted in truncation, however there is also a notable "hollowing" of the transfer function shortly after the initial response (∆t < 25 r g ) at energies 5 keV < E < 7.4 keV, centered at ∼ 6.4 keV (the rest energy). This effect, observed at high inclinations, is once again due to shadowing: this energy and lag time corresponds to moderate cylindrical radii (ρ ∼ 50 r g ) that reside on the side of the disk nearest the observer which, while irradiated in the razor-thin limit, are blocked from the corona due to intervening disk material.
A final prominent effect observed in the transfer functions of the lamppost cases is presented in Figure 5 , where there is an apparent change in the slope of the "red tail" between the razor-thin and finite-thickness accretion disk cases. In this particular case, one sees that the lag-energy slope becomes more shallow with the increasing scale height. This is due to the decrease in the initial reflection lag while the bottom of the tail remains fixed, and can easily be explained by the convex shape of the inner disk which tapers to a null scale height at ρ = r ISCO . The increased scale height decreases the path difference between the photons that are observed directly from the coronal flash and the first observed reprocessed photons, thus pushing the left-most portion of the transfer function towards smaller lags. The flux from the minimum energy of the red tail, however, comes from the inner edge where the lag is dominated by time dilation and the negligible scale height would not have appreciable affect on said lag. The red tail slope is then not only a consequence of the position of the inner-most radius of the disk, but also of the geometry of the inner accretion flow.
Figures 6, 7, and 8 present the lag-frequency spectra for the cases of a black hole at a = 0.00, 0.90, and 0.99 respectively, using a finite thickness disk withṀ = 0.1, 0.2, and 0.3Ṁ Edd (grey, red, and blue respectively) as well as a razor-thin disk (black). From Figure 6 one sees that increasing disk thickness results in a decrease in the lag at ν < 10 −2 c/r g , as well as slightly increasing the phase wrapping frequency, all consistent with the decrease in the path difference between direct and reprocessed flux when increasing disk scale height. At this particular spin value, one also sees a steepening of the slope of the lag-frequency spectrum when h = 3 and 6 r g , while the magnitude of the positive phase wrapping peak seems to be positively correlated withṀ when i = 60
• or when i = 15
• and h = 3 or 6 r g , while the opposite is the case when h = 12 r g and i = 30
• . The negative correlation between the reflection lag magnitude and disk thickness is also seen when a = 0.90 and 0.99 in Figures 7 & 8 , though the change in the magnitude is not as dramatic as the Schwarzschild case. This is due to the decrease in disk thickness with increasing spin, as z is inversely proportional to efficiency radiative efficiency η, which itself is positively correlated to a as η is commonly defined (see Section 2). Once again, one sees an increase in the phase wrapping frequency, and in all cases, the magnitude of the first positive phase wrapping peak is negatively correlated toṀ . From these results, together with those presented in the previous figure, one would expect that the use of the razor-thin disk approximation when modeling data taken from sources with non-negligible disk vertical structure would result in an underestimation of the coronal height.
Figures 9,10, and 11 present the lag-energy spectrum for the values of (a,h,i) presented in the previous three figures, where we include the spectra for a razor-thin disk (black) and a finite-thickness disk atṀ = 0.3Ṁ Edd (blue), averaged over the frequency ranges ν = 1 − 3 × 10 −3 c/r g (solid line) and 5 − 8 × 10 −3 c/r g (dashed line). Consistent with the lag-frequency spectra, one finds that the lag-magnitude is typically decreased in the finite-thickness case (e.g. lower right of Figure 9 ) as compared to its razor-thin counterpart. This trend is not true at all energies for all values of i, with the lag slightly increasing at lower energies for the case of (a,h,i) = (0.0, 3 r g , 60
• ) ( Figure 9 ) and at high energies for a = 0.90 and i = 60
• (Figure 10) . A final notable effect is that, for the case ofṀ = 0.3Ṁ Edd when the corona is very close to the event horizon (at h = 3 r g ), one finds that the low and high frequency lag-energy spectra overlap are often almost indistinguishable from each other. This was seen previously in Figures 3 and 4 , and is naturally explained by the suppression of the late-time response from the outer disk by self-shielding, thus narrowing the signal in the time domain and broadening the signal in the frequency domain. Comparing the change in magnitude across the different values of spin, one finds that the suppression of lag magnitude is roughly inversely correlated with a, consistent with • , with a lamppost corona situated at a height of h = 3 rg. We have used two different disk geometries: a razor-thin accretion disk (left) and a finite thickness disk with a half-thickness given by Equation 1 and a mass accretion rateṀ = 0.3 M Edd (right). When one allows the disk thickness to be appreciable compared to h, the late-time "blue wing" (∆t > 50 rg/c) is truncated due to self-shielding: the inner edges of the disk act to shield the outer material from being irradiated by the corona. (Bottom) The lag-frequency (left) and lag-energy (right) spectra corresponding to these parameter values. In the lag-frequency spectra, we present the razor-thin disk (black), as well as the finite thickness case withṀ = 0.1 (green), 0.2 (red), and 0.3 (blue)Ṁ Edd , which clearly show that the overall lag decreases with increasingṀ , while the phase wrapping frequency increases and magnitude decreases with increasingṀ . In the lag-energy spectra, we show the razor-thin disk (black) and finite thickness disk withṀ = 0.3Ṁ Edd (blue) for the frequency ranges of ν = 1 − 3 × 10 −3 c/rg (solid line) and 5 − 8 × 10 −3 c/rg (dashed line). As one can see, the increase in disk thickness results in an overall decrease in the lag, while also causing the lag-energy spectra in both frequency bands to become indistinguishable. This is due to the suppression of the late-time blue wing resulting in less lag at higher energies, while a decreased travel time from corona to disk has decreased the travel time at lower energies. Overall, this results in a natural "sharpening" of the response in the time domain, thus resulting in a broad signal in frequency space and the observed similarity of the lag-energy relation across different frequency bands. • , with a lamppost corona at h = 3 rg. As before, we see that a disk with finite thickness (right) has a truncated late-time "blue-wing" compared to the transfer function calculated using a razor-thin accretion disk (left). We also see a "hollowing" of the broad feature at ∆t < 25 rg/c, where self-shielding has prevented part of the front side of the disk (ρ ∼ 50 rg) from being irradiated by the corona. The lag in the lag-frequency spectra is likewise decreased with increasingṀ , but we see now that there is a very dramatic increase in the slope, and an overall increase in the phase wrapping magnitude. As in the previous figure, we see a similarity in the finite-thickness case between frequency bands, but now the centroid of the lag-energy profile has shifted towards lower energies.
the decrease in disk thickness due to the increase in efficiency η with increasing spin.
The Disk-Hugging Corona
For exploring the case of an off-axis corona, we chosen to position the corona at a cylindrical radius ρ c ∈ {r ISCO , 1.5 r ISCO , 2 r ISCO , 2.5 r ISCO }, a height h c ∈ {0.1 r g , 0.5 r g } above the surface of the disk, and an azimuthal angle φ c between 0
• and 360
• in increments of 10
• . We performed these calculations for spins of a = 0.00 and 0.90 using a finite thickness disk withṀ = 0.3Ṁ Edd , as well as a razor-thin disk as a control. It is important to note • , with a lamppost corona at h = 12 rg. The larger distance of the corona above the disk results in a lack of self-shielding, however the geometry of the inner disk has resulted in the "red-wing" changing shape. In particular, finite scale height shortens the path length of photons from the corona to the disk, shortening the initial lag, and as the minimum energy is dictated by rISCO (which is the same in both models), this results in the apparent change of slope. In the lag-frequency spectra and lag-energy spectra, we see a decrease in the overall lag, and an increase in the phase wrapping frequency, but not a corresponding increase or decrease in phase wrapping magnitude. The fact that h is large has made disk self-shielding much less relevant, and thus one sees a variation with frequency in lag-energy spectra corresponding to the finite-thickness disk.
that, as h c is measured from the disk surface, the distance of the corona above the disk mid-plane will vary with disk thickness for any given value of h c .
In Figure 12 , we show the reflection intensity maps, that is intensity as a function of position of the disk image seen by the observer, for an off-axis corona (say, a magnetic reconnection event close to the surface of the disk) around Schwarzschild (a = 0.00, top) and spinning (a = 0.90) black holes, presented with both a razor-thin (left) and finitethickness (right) disk. The corona has been given the parameters of (ρ c , h c , φ c ) = (1.5 r ISCO , 0.1 r g , 90
• ) in each case, Lag-frequency spectra for the case of a Schwarzschild black hole (a = 0.00) with a lamppost corona and an accretion disk that is either razor-thin (black) or has finite-thicknessṀ = 0.1 (green), 0.2 (red), and 0.3 (blue)Ṁ Edd . Each row represents a different coronal height h = 12 (top), 6 (center), and 3 (bottom) rg, while each column represents a different observer angle i = 15
• (center), and 60
• (right). For each value panel, the magnitude of the negative lag at low frequencies for finite thickness disks is less than the corresponding lag in the case of a razor-thin disk, with the lag magnitude being negatively correlated withṀ . At higher frequencies in the cases of h = 3 and 6 rg, one sees that disk thickness slope of the lag-frequency spectra to steepen with increasing disk thickness. Finally, phase wrapping appears to be affected by disk thickness, with the frequency of the first peak increasing with increasing disk thickness when i = 15
• and 30
• ; there is some small variation in the magnitude of said peak. Overall, one can reasonably expect to underestimate h if one were to model a system with non-negligible disk thickness (e.g. as expected in super-Eddington AGN) using the razor-thin disk approximation.
and as one expects, there exists a small high-intensity patch roughly at the position of the corona on the intensity map (we will call this the "primary" patch), consistent with a strong irradiation of portion of the disk directly under the corona. In all cases, there is a secondary intensity patch on the side of the disk opposite that of the primary patch, the φ position of which varying with a due to frame dragging, suggesting that an off-axis corona can irradiate the disk "across the bowl" in both disk geometries. The fact that the secondary patch is such a narrow locus of points in Same as Figure 6 , but with a moderately-spinning black hole (a = 0.90). Like before, the magnitude of the lowfrequency negative lag and the phase wrapping frequency are both positively correlated with disk thickness. As the efficiency η (see Equation 1) increases with increasing a, the change in the negative lag magnitude is not as great due to the inverse relationship between η and disk thickness.
the razor-thin limit in the Schwarzschild geometry is a natural consequence of photons being confined to the orbital plane defined by their origin, the black hole singularity, and their initial momentum vector. Such photons can only ever return to the (razor-thin) disk at an azimuth φ = φ c +180
• . This symmetry is broken by frame dragging when a > 0.00, resulting in the secondary response being at φ > φ c + 180
• and a slight broadening of the φ distribution due to the photons being dragged in the positive-φ direction (black hole is spinning counter-clockwise).
This cross-bowl irradiation results in a natural lag due to path length difference between the direct corona light (which would have a very similar arrival time as that of the reprocessed radiation from the primary patch) and the radiation coming from this secondary patch. As such, it is interesting to consider whether we may mimic the reverberation characteristics of a lamp-post corona with a corona that is "hugging" a thickened disk, and it is this that we will focus on in this section. Figure 12 , once again with the razor-thin disk being in the left panel and the finite thickness case in the right panel. As expected from the intensity maps, these transfer functions both double-peaked, with the primary and secondary responses being at ∆t ∼ 0 and ∼ 20 r g /c respectively. We find that, in general, this double-peak is ubiquitous in our 2D transfer functions for off-axis coronae. Looking at the color scale, it is immediately clear that there is a very large dynamic range, with the primary and secondary responses having photon fluxes that are several orders of magnitude larger than the other portions of the transfer function, and thus qualitatively inconsistent with the lamppost corona model which has its flux more distributed throughout the E-∆t space.
However, if a black hole had such a disk-hugging corona above an axisymmetric accretion flow, there is no reason to assume such a corona would have a favored value of φ c , and thus for a given spin and inclination angle, a transfer function corresponding to a single choice of the ordered triple (ρ c , h c , φ c ) would be inadequate to describe the The lag-energy spectra [∆t(E)] for a Schwarzschild black hole (a = 0.00) and has either a razor-thin disk (black) or a disk with a half-thickness given by Equation 1 with an associated mass accretion rateṀ = 0.3 (blue)Ṁ Edd , the disk assumed to be neutral [Erest(F e Kα) = 6.4 keV]. These lag-energy spectra were created by averaging the energy-dependent lag over the frequency ranges ν = 1 − 3 × 10 −3 c/rg (solid line) and 5 − 8 × 10 −3 c/rg (dashed line), and are shown for the model parameters from Figure 6 . As the disk thickness increases, the average lag likewise decreases in all energy bins, with the one exception being presented in the case of h = 3 rg and i = 60
• (bottom right). When the lamppost corona is close to the black hole (h = 3 rg, 6 rg), the low and high frequency lag-energy spectra are nearly indistinguishable, consistent with the broadening of the signal in the frequency domain due to the suppression of the late-time signal in the time-domain by self-shielding.
reverberation characteristics observed over an entire light curve. As such we created effective 2D transfer functions by taking the mean of the individual un-normalized 2D transfer functions across all values of φ c . For a set of N transfer functions {Ψ j |j = 1, 2, 3, ..., N }, each j corresponding to a separate φ c,j , Same as Figure 9 , but with a spinning black hole at a = 0.9. Once again, an increase in disk thickness will typically result in the decrease in the average lag. Comparing the change in lag magnitude with Figure 9 , one finds the decrease is not as drastic as in the Schwarzschild case, consistent with a thinner disk due to increase radiative efficiency (η). Furthermore, one can distinguish between the low and high frequency lag-energy spectra for h = 6 rg as the decrease in disk thickness has lessened the effects of self-shielding at this particular corona height.
The choice of taking the average of the un-normalized transfer functions was done as a natural way to weigh each case by its photon flux, as each case has the same luminosity in the co-moving coronal frame and thus their observed un-normalized photon fluxes can be directly compared. As noted in Section 2, if one assumes that the lag signal is purely coherent, the full light curve can be modeled as a series of individual flash events and their corresponding disk responses, with Equation 4 being rewritten as a series. This makes this form of the effective transfer function quite natural, and given the linear nature of the Fourier transform, one can generate the appropriate cross-spectrum (and corresponding lag) by substituting Ψ eff into Equations 6 and 7, especially as the reflection fraction R would not vary with φ c given axisymmetry. Figure 14 give two examples of Ψ eff (E, t) for the case of a spinning black hole (a = 0.9), observed at an angle i = 
60
• , the irradiating annulus being at a cylindrical radius of ρ c = 1.5 r ISCO and h c = 0.1 r g above the surfaces of a razor-thin (left) and finite thickness disk (right). Looking at these two examples, while one sees much more extended transfer functions than in the previous case, the primary and secondary response patches still dominate the signal. It is also apparent that there is a large difference in the photon flux between the primary and secondary patches, with the secondary having ≤ 5% the photon flux of the primary. Given that the primary reflection response has a negligible lag magnitude, this would naturally dilute any potential lag signature quite dramatically, which then would be further diluted by the direct coronal flux. One possible way to get around this would be if the region directly underneath the corona would be irradiated to the point of complete ionization, however this would require a very strong coronal event, the lag of which would be naturally ∆t = 0, and thus again likely diluting the lag signal to below the point of detection.
We can conclude that, while "cross-bowl" disk irradiation is possible, this alone would not be sufficient to explain the Figure 12 . Reflection intensity maps for an off-axis corona orbiting around a Schwarzschild (a = 0.00, top) and a spinning (a = 0.90, bottom) black hole. In both cases, the corona is situated at a cylindrical radius of ρc = 1.5 rISCO and an azimuthal angle of φc = 90
• relative to the observers line of sight, seen at i = 15
• . The left column is the case of a razor-thin accretion disk, while the right is that of a finite thickness disk withṀ = 0.3Ṁ Edd , with the corona situated at a height hc = 0.1 rg above the surface of the disk in each case and orbiting with the disk. As one would expect, there is a small high-intensity patch on the disk right under the position of the corona in both cases, with a secondary patch of high intensity on the opposite side of the black hole, whose exact φ is a function of a due to frame dragging. At the razor-thin limit, there appears to be a very narrow locus of points that constitute this secondary patch, explained naturally as a result of gravitational optics. The observed secondary patch gives some credence to our hypothesis of "cross-bowl" reverberation, where an off-axis corona configuration could produce a lag signature from irradiating the accretion disk on the opposite side of the black hole.
observed high-frequency lags in AGN if the corona is "disk-hugging". This is consistent with the common view that the corona responsible for the high frequency lag characteristics, such as the Fe Kα reverberation, must be physically separate from the reprocessing material (Reis & Miller 2013) . • , and all with ρc = 1.5 rISCO and hc = 0.1 rg. This is for the same a and disk thicknesses presented in Figure 13 . One sees once again that the line response is dominated by primary and secondary regions, albeit with over a greater spread of photon energies compared to the single φc case presented previously. While reverberation "across the bowl" appears to happen in both disk geometries, the primary response region has a flux that is approximately 95% greater than the secondary region, and thus would dilute the average lag signal. This is inconsistent with the moderate lags seen in AGN lag-frequency spectra, and thus suggests that a "disk-hugging" corona is inadequate to explain the high-frequency soft lags, and reinforces the common assumption that the irradiating corona must be physically separated from the reprocessing material. radii; this effect was first reported in our earlier work Taylor & Reynolds (2018) in the context of the time-average reflection spectrum. This results in the suppression of the late-time "blue-wing" of the transfer function when h is small and a "hollowing" when i is large (i.e. when the disk is seen more edge-on). When h is larger (e.g. 12 r g ), while the blue-wing is no longer suppressed, one finds a change in the slope of the "red-wing" due to a decrease in the delay between the observed corona flash and the initial response from the disk.
This suppression of late-time signatures results in an overall decrease in the lag magnitude of the lag-frequency spectrum with increasing disk thickness, the spread of the change of the lag decreasing with increasing black hole spin due to a inverse relationship between radiative efficiency η and disk thickness. This suppression of the lag magnitude is also ubiquitous in the lag-energy spectrum, along with a suppression of frequency dependance to the lag-energy profile. In the context of observation, for a fixed reflection fraction, this overall decrease in the high-frequency lag signal would naturally cause an underestimation in the distance between the corona and the reprocessing material (or in the context of the lamp-post assumption, the coronal height h). For example, if we assume we knew a and i for the case presented in Figure 5 , the change in the lag-frequency spectrum (∼ 7 r g /c at ν = 10 −3 c/r g ) would likely result in a best fit height of h ∼ 5 r g . This is interesting given that there is an abundance of small coronal heights quoted as best-fit values in the literature (e.g. Dauser et al. 2012; Kara et al. 2015 Kara et al. , 2016 Frederick et al. 2018) , however it must be noted that such an effect can also be achieved by decreasing the reflection fraction by approximately ∼ 33% and thus diluting the lag signal by approximately the same amount (Uttley et al. 2014) . Thus, fitting the lag-frequency spectrum with both a free reflection faction andṀ is likely to result in further degeneracies in χ 2 space. Ultimately, progress must be made by simultaneously using spectral and reverberation timing data to break these degeneracies.
Finally, we have explored the scenario of an off-axis "disk-hugging" corona (absent a lamp-post), asking if such a corona could mimic a lamp-post-like signal, using both single point source flashes and an extended annulus. While irradiation by returning radiation from such a corona does spark curiosity, we find that any potential lag signal is likely to be diluted beyond detectability, as ∼ 95% of the observed flux would have negligible lag times, coming from the disk immediately underneath the corona. This dilution would be further enhanced by the continuum itself, which has a null lag in the standard reflection paradigm (i.e. without incorporating low-frequency hard lags). Another point to note is that the transfer functions (see Figure 14) suggest that this reflected flux would be primarily heavily red-shifted to below 5 keV, and thus inconsistent with observations of the time-averaged broad Fe Kα line in Seyfert I galaxies, peaking towards the rest energy ∼ 6 − 7 keV. Thus, while the exact coronal geometry is unknown and we cannot rule out the possibility of a corona that is partially extended over the disk, we can conclude that a significant portion of the irradiating flux must be coming from a source that "stands off" from the accretion disk, such as that of a lamp-post or an extended jet (Zoghbi et al. 2012; Kara et al. 2016; Wilkins et al. 2016) .
We emphasize that this exploration does not take into account all complexities of reverberation modeling, and instead should be thought of as a proof of principle rather than a true statement of reality. While we have included a more physically-motivated accretion disk model as compared to the razor-thin approximation, the exact geometry of the accretion disk remains open to debate. Also, as the Shakura & Sunyaev (1973) thin disk approximation breaks down at roughlyṀ > 0.3Ṁ Edd , exploring reflection and reverberation in super-Eddington systems would require the implementation of alternative disk models, such as a scale height derived from an analytic accretion model (Abramowicz et al. 1980 (Abramowicz et al. , 1988 or from the output of a GRMHD simulation (McKinney et al. 2014; Jiang et al. 2014 Jiang et al. , 2017 . In the future, we hope to be able to expand beyond the simple thin disk assumption, and Fenrir is already well-suited to do that, as stated in Section 2. In most of this work, we have also assumed a point-source corona that varies only by its magnitude, with its spectral index Γ being constant. These are common assumptions in the literature, which we have chosen to use for consistency, but the inclusion of an extended corona would almost certainly add in more phenomenological complexities and is also a likely necessity for explaining the low-frequency hard lag (Wilkins et al. 2016; Chainakun & Young 2017) , the exploration of which is beyond the scope of this work. As noted in Mastroserio et al. (2018) , the inclusion of a pivoting power-law (i.e. dΓ/dt = 0) adds in non-linearities, and thus could confound the linearity implicitly assumed in much of X-ray reverberation methodology. Finally, we have not included ionization effects into our calculations, instead simply assuming a rest-energy of Fe Kα is 6.4 keV. It is incredibly common to assume a single ionization state in reflection modeling (e.g. RELXILL García et al. 2014; Dauser et al. 2014 ), but this not likely to be true in AGN given that the incredibly centrally-concentrated emissivity profiles inferred from observation implies a radial ionization gradient across the disk (Ross & Fabian 1993; Reynolds & Fabian 2008; Wilkins & Fabian 2011) . While there have been recent attempts to incorporate such complexities into reverberation modeling, such as in KYNREFREV (Caballero-Garcia et al. 2017 , we have chosen to our simplified model for clarity. As this is the first exploration of the relationship between reverberation signatures and disk geometries, we have opted for clean interpretations by eliminating possible degeneracies that may arise, instead allowing more thorough explorations to be performed in the future.
SUMMARY
The study of X-ray reflection and reverberation in BHB and AGN has proven extremely fruitful, allowing us to gain a deeper understanding of the central black holes, as well as the plasma that resides in the hot electron corona and the accretion flow. Modeling reverberation is accomplished via raytracing, calculating the photon orbits in Kerr spacetime from the corona to the disk, then disk to observer. In performing these calculations, it is common to make simplifications, such as approximating the corona as a lamppost or assuming that the disk thickness is negligible (a "razor-thin" disk). Using Fenrir (Taylor & Reynolds 2018) , we have explored the effects that disk thickness has on reverberation lags as a function of Fourier frequency and photon energy, approximating the disk as an optically thick, geometrically thick, radiatively dominated Shakura & Sunyaev (1973) accretion disk, while still using the lamppost approximation for a fiducial model.
We found that the overall magnitude of the lag is consistently inversely correlated with disk thickness, with said change being inversely correlated with black hole angular momentum. This is apparent in both the lag-frequency and lag-energy spectra, with the decrease in the lag being greatest when the corona is close to the event horizon, where the inner edges of the disk act to prevent much of the flux from irradiating the outer regions of the disk. This "selfshielding" of the disk results in a truncating of the late-time "blue wing" of the 2D transfer function at all observer angles, while also "hollowing" out the transfer function at i = 60
• . Even with the corona well outside of the "bowl" of the disk, there is an overall decrease in the lag due to the decrease in the travel time between the corona and the disk, resulting in the changing of the slope of the relativistic "red wing" of the transfer function.
We can conclude that, for a given reflection fraction, a non-zero disk thickness would result in an underestimation of the lamppost height, and would result in natural degeneracies between reflection fraction and disk thickness if one were to analyze the lag-frequency spectrum in isolation. The effects of disk geometry on the lag-energy spectrum are qualitatively different from simple dilution however, with the shape of the relation being relatively unchanged as a function of Fourier frequency. We expect that these degeneracies to be overcome by analyzing the complex cross-spectrum as a unified unit, and such exploration is planned for the future.
Finally, we explored the possibility of off-axis "disk-hugging" corona, asking if such a source could produce similar reverberation characteristics as that of a lamppost, the lag signal being due to a coronal flash irradiating the side of the disk opposite itself. While reverberation "across the bowl" is possible, we find that such a scenario is inconsistent with observation. Most of the flux is observed to be coming from the region of the disk right under the corona (the primary region), with only a small fraction (∼ 5%) being seen coming from the secondary region opposite the primary. As the flux from the primary region would have a corresponding lag of ∼ 0, any potential lag signature would be diluted to the point of being undetectable. This is clearly inconsistent with the high-frequency soft lags observed in many Seyfert galaxies, thus requiring most of the irradiating to be coming from a source that is physically separated from the reprocessing material, such as a lamppost or an extended jet.
